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Definition

0 A scheme is said to be Total Variation Diminishing (TVD)
when it ensures that

O Introduction
e Properties
e The question

(0 Non TVD behaviou

4

O Genera'

TV (y) < TV™(y)

[0 Solutions

0 The Total Variation TV (y) of a dicrete solution for a
variable y is defined as

TV (y) = > |yi1 — vf|

where y!* Is the variable at time t" = n/AAt and location
r; = 1A\x

Jonsmod’2010, Delft,The Netherlands Ch. Mercier: Really TVD advection schemes for shelf seas — 3



Properties

[0 Monotonicity preserving
O Introduction

o Dt > NO new extremum can be created

e Properties

> the value of a local maximum (minimum) does not
0 Non TVD behaviour Increase (decrease)

[0 Solutions

e The question

[0 Second or higher order of accuracy in smooth part of the
solution

0 Solution free from spurious oscillations around
discontinuities

0 Do not produce too much diffusion
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The question

TVD schemes developed for

O Introduction
e Definition
e Properties

e The question

0 Non TVD behavio

[0 Solutions /

[0 Generaliza
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The question

oy 0y

0 Introduction — tu =0

e Definition at a

e Properties
e The question

[0 Solutions

[0 Generalizati

1

OHy . OHuy — continuity —
ot or

—|—> e conservative form
e easier to compute mass budget
e should not produce
- neither unreal extremum
- nor negative value
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The question

9, 0
Oirtedi TVD schemes developed for 8_?7? T ua_y — 0

e Definition

e Properties

e The question H
O Non TVD behaviou

[0 Solutions /

O Genera
OHy OHuy
< — O
ot i Ox
TVD ?
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O Introduction
e Test case setup
e Numerical scheme
o Flux limiter

e Results Non TVD behaviour

[0 Solutions

e
/4
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/
O Introduction <
0 Non TVD behaviour

e Test case setup

e Numerical scheme \

o Flux limiter
e Results
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Test case setup

3_H+8Hu _ 0
ot or
OHy 8Huy_0
ot or

O fully explicit discretization

O regular staggered grid (Axz = 80m)

Y

Az = 80m
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Test case setup

( OH OHu
— 4 — 0
ot ox
O Introduction <
0 Non TVD behaviour OH OHu
e Test case setup —y —+ Y — ()
e Numerical scheme \ ot Ox

o Flux limiter

e Results

Y

[0 Solutions

O fully explicit discretization
O regular staggered grid (Axz = 80m)

0 H and y defined at the centers of grid boxes
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Test case setup

( OH N OHu 0
_— — H;
at ax 16.9 m X x
O Introduction < 10.0 m X X
0 Non TVD behaviour aHy aHuy 31m x X
e Test case setup — + =0 ' x
e Numerical scheme \ at ax

o Flux limiter

Y

e Results
[0 Solutions

O fully explicit discretization
O regular staggered grid (Axz = 80m)
0 H and y defined at the centers of grid boxes

[0 periodically rippled sea-floor
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O Introduction
0 Non TVD behaviour
e Test case setup

e Numerical scheme
o Flux limiter

e Results
[0 Solutions

Test case setup

O fully explicit discretization

( 8_H_|_8Hu_0
ot or
\
8Hy_|_('3Huy_
. Ot or

0

1.52 m/s
1.00 m/s
0.74 m/s

16.9m
10.0 m
3.1m

2 /

y

\u’z_{_%
O
O
\Hi’Hi+l
2
X
O
X O
O
X
<>
Ax = 80m

O regular staggered grid (Axz = 80m)

0 H and y defined at the centers of grid boxes

[0 periodically rippled sea-floor
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Hu defined at the interfaces (Hu = 10 m?/s)
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Numerical scheme

Lax-Wendroff scheme equipped with a limiter ¢, ¢ /2

O Introduction
0 Non TVD behaviour

Pit1/2

n

e Test case setup g?—l—l/Q =y, + 5 (1 — Vi—l—l/Q) (y?—l—l — yf’)

e Numerical scheme

o Flux limiter
e Results ’
0 Solutions u-+1/2At
?
Vit1/2 = N
where $ Uiyl = nz+1/2
i+1/2
n n
. HP+HL
i+1/2 9
\
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Flux limiter

In the linear case

0 ¢;41/2 Is usually chosen as

O Introduction
0 Non TVD behaviour
e Test case setup

e Numerical scheme ¢i—|—1/2 — ¢ (Tz'—l—l/Z)

e Flux limiter

e Results
[0 Solution

mn mn
Yy —Yi—1

mn mn
Yi+1 — Y

where Tz'—|—1/2 =
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Flux limiter

In the linear case

O Introduction D
0 Non TVD behaviour
e Test case setup

o Numerical scheme
e Flux limiter

0 the limited Lax-Wendroff scheme is TVD if

Q5 (Ti—|—1/2) S min (27“Z'+1/2, 2)
provided that 0 < v <1
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Flux limiter

In the linear case

[]

O Introduction

0 Non TVD behaviour
e Test case setup

e Numerical scheme

e Flux limiter

e Results
[0 Solution
"

[0 Superbee limiter

G Superbee (1) = max {O, min (27, 1), min(r, 2)}
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15

O Introduction
0 Non TVD behaviour
e Test case setup

0.5

Concentration

o Numerical scheme

o Flux limiter
e Results

[0 Solutions

Total Variation

0 5 10 15 20 25 30 35 40 45 50
Number of time steps

Advection of a square initial distribution on the rippled sea-floor (CFL=0.76) using a first order upwind scheme (dotted
line) and a supposedly TVD upwind/Lax-Wendroff scheme with superbee limiter (solid line), the light curve representing
the analytical solution. Spurious maxima are apparent in the snapshots of the concentration field (upper figure)
computed with the supposedly TVD upwind/Lax-Wendroff scheme. The total variation shows oscillations with both
advection schemes (lower figure).
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O Introduction
0 Non TVD behaviour
(] Solutions

e Analysis

e Modified scheme
e Adapt
° Resu

/

Solutions
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Harten (1983): A scheme is TVD if it can be written in the form

Z 1 -
0 Introduction yffl — zn - Ci—l (y:b - y?_l) + cr i+l 1 (y?qtl - y?)
0 Non TVD behaviour 2
(] Solutions

with ¢*f, >0 and CF,+4+C ,<1

e Analysis +5 1+ 35 itz 5
e Modified sche
e Adapt TVD rar
. Result
. ¢, 1 b, +1
y > Linear: 0<v s~ (1-v)|+50—-v) 3 <
z—l— >

ﬁ - provided that 0 < v <1
- Classical TVD range

- Superbee limiter
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Harten (1983): A scheme is TVD if it can be written in the form

Z 1 -
0 Introduction yffl — zn - Ci—l (y:b - y?_l) + cr i+l 1 (y?qtl - y?)
0 Non TVD behaviour 2
(] Solutions

with ¢*f, >0 and CF,+4+C ,<1

e Analysis +5 1+ 35 itz 5
e Modified sche
e Adapt TVD rar
. Result
. ¢, 1 b, +1
y > Linear: 0<v s~ (1-v)|+50—-v) 3 <
z—l— >

ﬁ (- providedthat0 < v < 1
{ - Classical TVD range

| - Superbee limiter

> Depth-integrated: 0 < v | [1— (1= )|+ 52 (1) 2 <1
1— 5 2 2

2

(HU)77“+1 (Hu)™
1+ 5 11— 5
where v~ , = —""2 ,+ —__""2
i+ H Az’ i— H:L+1A£B

T

N[~
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Analysis

O Introduction i
0 Non TVD behaviour
(] Solutions
0 0.5 1 1.5 2 2.5 3 3.5 4
e Modified scheme km
e Adapt TVD range
e Results

Ci—1/2
=
T
I

[0 Generalizatio
[0 Conclusio

Ci—l/2

Snapshots of the coefficient CZ using a first order upwind scheme (upper figure) and an upwind/Lax-Wendroff

—1/2
scheme with superbee limiter (lower figure). Since this coefficient is occasionally larger than unity, the TVD behavior of
the schemes cannot be guarantied using Harten’s theorem.

Jonsmod’2010, Delft,The Netherlands Ch. Mercier: Really TVD advection schemes for shelf seas — 12



Analysis

Université
de Liege ' ©

Harten (1983): A scheme is TVD if it can be written in the form

Z 1 -
0 Introduction yffl — zn - Ci—l (y:b - y?_l) + cr i+l 1 (y?qtl - y?)
0 Non TVD behaviour 2
(] Solutions

with ¢*f, >0 and CF,+4+C ,<1

e Analysis +5 1+ 35 itz 5
e Modified sche
e Adapt TVD rar
. Result
. ¢, 1 b, +1
y > Linear: 0<v s~ (1-v)|+50—-v) 3 <
z—l— >

ﬁ (- providedthat0 < v < 1
{ - Classical TVD range

| - Superbee limiter

> Depth-integrated: 0 < v | [1— (1= )|+ 52 (1) 2 <1
1— 5 2 2

2

(HU)77“+1 (Hu)™
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Analysis
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Harten (1983): A scheme is TVD if it can be written in the form
0 Introduction y?fll =y —C 4 (yf - y?_1) + C,::Ll (yﬁl - yf)
O Non TVD behaviour 2 2
DSqution with cE L >0 and ct,+¢c ., <1
e Analysis 1+ 5 3 i3
e Modified scheme
e Adapt TVD ,,/
oResuIt
. (bi—l ¢¢_|_l
> > Linear: Ogull— 22(1_V):|+%(1_V)7“ fél
it 5
- Classical TVD range
- Superbee limiter
_ n ¢ 1 Vird Pyl
> Depth-integrated: 0 < '/7;—% [1 — —5 (1 - Vi_%)} +— (1 - Vz'+%) Tirl =1
where Vz—l—% H;H—lA:Jc ’ i—1 HZH—lA:B
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Analysis
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O Introduction
0 Non TVD behaviour
(] Solutions

e Analysis

e Modified sche

e Adapt TVD rar

° Result
/4

Linear:

Jonsmod’2010, Delft,The Netherlands

Ogl/[l—

Modify the scheme

?.

2

N[

(1—u)}+g(1_y)":z+ <1

_|_

N~

- Classical TVD range
- Superbee limiter

i— 1 Vo1 .1
2 (1_’4@_1)}"' ”2L2 (1_V¢+l) r’+2 <1

2 2 it
Hu)™ Hu)™
B ( )i—l-% B ( U)i_%
H;H_lA:Jc’ i—1 HZH—lA:B
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Analysis
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O Introduction
0 Non TVD behaviour

O Solutions
e Analysis
e Adapt TVD /
oResu
| . (Zbi_l ¢7;_|_l
v Linear. Oévll— 22<1—u>}+%<1—v>r,+fs1
)
Modify the scheme - Classical TVD range
- Superbee limiter
i + [y % "4 ity
Depth-integrated: 0 < Vi1 [1 — = (1 — 1/@._%):| + — (1 - ,/H%) 1 <1
2

B Adapt the TVD range and limiters
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Modified scheme

0 Upwind scheme is TVDif 0<C, = vt <1

O Introduction 5 )
0 Non TVD behaviour

0 Solutions 0 Lax-Wendroff scheme i1s TVD If:

e Analysis

e Modified scheme > USe u;—L . as upwind rates for the LW fluxes
ar _5

> to ensure unicity of the flux at the interface, choose

_ + —~
Vi—1/2 = Max (%:—1/27 Vi—l/Z)

> ensure that
0 < Vi—l/? < 0.75
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Adapt TVD range

0 Classical: o<¢  ,=v|l—-—2@0-v)|+-(1-v)—2 <1
t—3 2 2 ’i-i—l
2
O Introduction _ _
[ Non TVD belc i EiR I Using Sweby’s method (1984) and providedthat 0 < v <1
0 Solutions .
e Analysis 0< ¢ir1/2 <mMin {27 27°7;+1/2} , forrii1/0>0
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Adapt TVD range

O Introduction
0 Non TVD behaviour
[ Solutions

e Analysis

e Modified scheme
e Adapt TVD range

0 Depth-integrated case:

J  Using Sweby’s method (1984) and provided that 0 < v, v, v~ <1

f

2 2ri—|—1/2(1_7/7;+_1/2)

) 0 < ;1172 <min , forrii1/9>0

L = vip1)2 Vz'_—l—l/2 (1 - V¢+1/2)

(Pitr1/2 =0, forr; 1,2 <0
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Adapt TVD range
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1 Classical:

O Introduction dsup () = max{0, min(2r, 1), min(r, 2) }

0 Non TVD behaviour
(] Solutions

e Analysis

e Modified scheme
e Adapt TVD range
e Results
[0 Generaliza

_|_
20=v,"_ 1 /2)

=

”¢_+1/2 (1_”i+1/2)

K >1: ¢SUF’(T@'+%) = max{O,min (r, ﬁ) , min (ICr,l)}

K <1: d)SUp(Ti—l—%) = max{O,min (ICr, %)}
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Results
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1.2 T T T T T T T
1
'5 0.8
: § 0.6
O Introduction £
0.4
0 Non TVD behaviour § o
(] Solutions o
e Analysis 02
e Modified scheme
e Adapt TVD rang
2.2
e Results
0 Generali < 2
10
©
>
< 16
5
|_ ......
141 .
12 1 1 1 1 1 1 1 1 1

o

10 20 30 40 50 60 70 80 90 100
Number of time steps

Advection of a square initial distribution on the rippled sea-floor using the original upwind/Lax-Wendroff scheme with
superbee limiter (solid line), using the modified scheme (dotted line) and using the generalized superbee limiter
(dashed-dotted line). A small time step of 15 s is used to satisfy the modified CFL condition. The snapshots of the
concentration field (upper figure) confirm that the modified scheme introduces the largest numerical diffusion while the
generalized superbee limiter is the less diffusive scheme. The Total Variation (lower figure) associated with the three
discrete solutions decreases monotonically.
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O Introduction
0 Non TVD behaviour
0 Solutions
[J Generalization
e Difficulties
e General rang

[0 Conclusior
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Difficulties

O Find the right form of coefficients Cil In order to use
2

b
O ntroducic Harten’s theorem
0 Non TVD behaviour
[ Solutions
[0 Generalization

e Difficulties

[0 8 arrangements of signs of 3 successive values of Hu give
conditions on their 3 relative limiters

e General range
0 Conclusion

/i\
\f/

Y

[0 to obtain the set of conditions relative to a specific interface,

32 arrangements of signs of 5 successive values of Hu
have thus to be considered
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General range
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0 < ¢? < min 2 Kr: for »° >0
> Pig1/2 > 1= i1 0 AT v )2 i+1/2
P — S
O Introduction biy1/2 =0 for % 5 <0
0 Non TVD behaviour
0 Solutions Ay Y
Y where s = sign (Hu), 1 /2, r?:+1/2 _ Tedi/24d
O Generalization B AVERWDY!
., .
e Difficulties b / ,

e General range

[0 Conclusion
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O Introduction

0 Non TVD behaviour
0 Solutions

[0 Generalization

[1 Conclusion
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Conclusion

0 Classical TVD schemes (linear advection) can lead to
non-TVD solution for the depth-integrated transport equation

O Introduction

g1 b 0 The TVD character can be recovered if

[0 Generalization

[0 Conclusion

> a modified CFL condition that takes into account the
local variation of H is satisfied

> the TVD range is adapted to the specific
depth-integrated advection equation

> A generalized superbee limiter can then be derived

00 All developments can be generalized in the case of variable
velocity

0 Applicable to 2D depth-integrated models or 3D models in
o-coordinates, ...
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